Abstract: In this paper we will present class of new lower bounds for the Quadratic Semi-Assignment Problem (QSAP). These bounds are based on recent results about polynomially solvable cases, in particular we will consider the QSAP's whose quadratic cost coefficients define a reducible graph. Several lower bounds will be computationally compared, moreover we will present a method which improves these bounds by means of Lagrangean decomposition.
Introduction
The Quadratic Semi-Assignment Problem (QSAP), has an important role in modelling many practical applications. For example clustering and partitioning problems [9] , assignment of professors to departments [5] , some scheduling problems [3] . Sometimes the model has been complicated to take into account "real life" factors as in [4, 15] .
The QSAP is well known to be NP-hard [13] ; some lower bounds for the problem have been devised in [6] and [5] . Polynomial classes are presented in [1, 2] studying distributed computing systems. In [10] a lower bound based on these ideas is applied to a branch and bound algorithm. In [11] the idea of new lower bounds is presented and the reported preliminary results show that the new bounds favourably compare with the one proposed in [10] . In this paper we intend to explore in depth the possibilities offered by this kind of approach.
In order to illustrate the problem we will use the following application example: consider a distributed computing system with p not necessarily identical processors, and n processes to be assigned to the processors. Let us call N the set of processes and M the set of processors. The following data are known: -during the computation processes i and j exchange f ij units of information; -the time needed to move one unit of information from processor s to processor r isÊd rs ; -the computation time required by process i when it runs on processor s is e is .
The mapping problem is that of assigning the processes to the processors so that the global time spent by the system (execution and communication time) is minimized. Let P be the set of all the feasible assignment functions r:N®M which associate a processor r(i)ÎM to each process iÎN; the problem can be formulated as a QSAP as follows: (1.1)
The non zero f ij coefficients define the communication pattern between processors that is usually represented by an undirected graph. As presented in [11] the optimal mapping can be found in polynomial time when this graph belongs to the class of reducible graphs.
The QSAP can be also formulated in a more general way: considering the matrix q ijhk i,jÎN, h,kÎM, the problem is:
Ê q ijr(i)r(j) , rÎP}.
(1.
2)
The paper is organized as follows. In section 2 we will introduce the class of reducible graphs and devise a polynomial algorithm for solving instances of QSAP whose associated graph is reducible.
In section 3 we will exploit these results to provide lower bounds. A generalization of this class of bounds which derive from a Lagrangean decomposition of the problem will be introduced in section 4. Finally in section 5, some preliminary computational results will be reported.
The class of reducible graphs
Consider the undirected graph G(N,A) where n=|N| and m=|A|; G is reducible if and only if it can be reduced to a single node by the following operations:
-Tail reduction let i be a node of degree 1 (i.e. there is only one arc incident with node i) and (j,i) be the arc connecting node i to the rest of the graph G. The graph G can be reduced to a new graph G'
where node i and arc (j,i) have been deleted (see fig. 1 ). We will denote with Tail(i) the above reduction operation. -Series reduction let i be a node of degree 2 and let (i,j) and (i,h), j¹h, the two arcs incident with i; the graph G can be reduced to a new graph G' obtained from G by eliminating node i, arc(j,i), arc (i,h) and adding a new arc (j,h) (see fig. 2 ). This operation is denoted by Series(h, i, j) .
-Parallel reduction let a=(i,j) and a'=(i,j) be two ÒparallelÓ arcs of graph G. The graph can be reduced to a new graph G' with a single arc between nodes i and j (see fig. 3 ). This operation is denoted by
It is easy to see that the class of reducible graphs is a proper extension of the class of seriesparallel graphs, which are reducible to a single arc by a sequence of parallel and series reductions ( [16] ). For example, trees are included in the class of reducible graphs, although they do not belong to the series-parallel class.
Let us state some properties of the reducible graphs which will be useful in the rest of the paper.
For further detail we refer to [11] .
Property 1
Suppose repeatedly applying reductions to a graph G as far as possible; the graph GÕ obtained is independent of the sequence of reductions.
This means that if different reductions are applicable to the same graph, we can break ties arbitrarily without affecting the final result. This establishes the confluence property of the reduction operations.
Property 2
A simple reducible graph G (i.e. without parallel arcs) contains at most 2n-3 arcs.
An algorithm that recognizes reducible graphs can be easily obtained as follows: given an input graph G, repeatedly apply reductions to G as far as possible; G is reducible if and only if the resulting reduced graph contains a single node. An algorithm which runs in linear O(m) time is described in [11] .
A solution algorithm for QSAP on reducible graphs
Consider the undirected graph G (N,A) where the set of nodes N is {1,É,n} (each node represents a process) and the set of arcs A is determined by the coefficients f ij , that is A={(i,j): f ij >0 or f ji >0}; let m=|A|. Further on, we assume that G is connected; in fact, if G is not connected, one independent QSAP for each connected component of G can be identified.
When the graph G is reducible, the corresponding QSAP can be solved in polynomial time. In order to carry out the computation of the QSAP optimal solution, we introduce some labels associated to the nodes and the arcs of G. In particular we will associate the labels u ir "rÎM to each node iÎN , and the labels v irjs "r, sÎM to each arc (i,j)ÎA . Initially these labels are set as follows:
u ir = e ir , "iÎN, "rÎM,
Note that initially the labels associated to each node represent the set of all possible processor assignments for the related process, and their initial value is the execution time of the process on the different processors. The labels on an arc represent the set of all possible assignments for a pair of communicating processes; their initial value is the communication time.
Our solution method consists of updating the labels according to the reduction operations performed on G. At the end when G has been reduced to a single node, the minimum label u ir "rÎM t gives the optimal solution value.
The label updating can be described as follows:
-Tail reduction
Let iÎN be a node of degree 1 and (j,i)ÎA be the arc connecting i to the graph G. Labels u jr are modified as follows, for each rÎM:
In practice u jr is modified in order to take into account the best possible assignment for i once j has been assigned to r. This operation can be carried out in O(p 2 ) time.
-
Series reduction
Let iÎN a node of degree two and let (i,j) and (i,l) be the two arcs incident with i. Labels v jslr are set as follows, for each r, sÎM:
The new v jslr takes into account the best possible assignment for i once j and l have been assigned to r and s, respectively. This operation can be carried out in O(p 3 ) time.
-Parallel reduction Let a'=(i,j) and a"=(i,j) be two parallel arcs of graph G. Let v' irjs and v" irjs be the labels associated to a' and a" respectively. The labels v jslr of the new arc that will substitute a' and a"
in G' are obtained as follows:
This operation can be carried out in O(p 2 ) time.
Since at most O(n) reduction operations are applied on a reducible graph G, the overall complexity of the transformations is O(np 3 ).
The computation above gives the value of the optimal solution. In order to obtain an optimal assignment r associated to that value an extra computation is needed. To this end, we store in a stack the local choices we make in each Series or Tail reduction operation. Note that we do not need to store any information when executing a Parallel reduction, since this operation does not perform any assignment.
The information stored in the elements of the stack is the following: At the end of the reduction, let (i, r) be the minimum label of the remaining node; we set r(i)Ê= r.
Then, we repeatedly remove elements from the stack and, according to the label Tail or Series, we perform the following operations:
Series let r = r(i) and s = r(j); set r(h) = h(r,s).
It is easy to see that r(j) (r(i) and r(j), respectively) has been already assigned when a Tail (Series, respectively) reduction is considered, hence the above method correctly finds an optimal assignment r.
Subgraph and Partition lower bounds
The existence of sharp and efficiently computable lower and upper bounds is a crucial part of enumerative algorithms. The problem has been widely studied in the literature; for example [6] and [5] present efficient methods for solving relaxations of particular formulations of QSAP.
The algorithm for polynomially solvable cases, presented in section 2, can be applied to obtain lower bounds. This approach has been partially exploited in [10] , where in practice only tail reductions are performed (i.e. a spanning tree is extracted form G) and in [11] , where some lower bound based on the extraction of reducible subgraphs from G are presented. In the following, we will review these methods, and we will present a new bound.
Let G=(N,A) be a non reducible communication graph corresponding to a given QSAP problem;
and let G r = (N, A r ) be a reducible subgraph of G. We can define a new problem restricted to graph G r , in which only communication costs corresponding to arcs in A r are considered; the objective function becomes:
Assume that the quadratic costs corresponding to arcs in A\A r are non-negative: it can be verified that the optimal solution Z r of the problem restricted to G r is a lower bound for the original problem. We call subgraph bound the value obtained in this way.
Consider the partition of the set of edges A\A r in k subsets A 1 ,É,A k such that each partial graph G l = (N, A l ), 1 £ l £ k, is reducible, and the problems restricted to graphs G l , in which linear costs are set to zero:
In the light of the above decomposition, the optimal solution value of (1.1) can be written as: , hence the sum:
is a lower bound for the original problem. We call partition bound the value L obtained as above; it is easy to see that the restricted problems G r and G l = (N, A l ), 1 £ l £ k , can be solved with an overall O(mp 3 ) complexity.
Note that the partition bound can be used also when the non negativity hypothesis of the quadratic costs is relaxed, while the subgraph bound can be used only if the quadratic costs are non-negative.
Consider the problem of determining the reducible subgraph G r . In order to obtain a sharper bound, it is conceivable to search for a subgraph with a large set of arcs; moreover, arcs (i,j) corresponding to processes that exchange a large amount of information should be preferred. Thus one should find a reducible subgraph G r =Ê(N,ÊA r ) with maximum weight W(G r ), where
The problem of finding the reducible subgraph with the maximum number of arcs is proved to be NP-hard in [11] . Thus the reducible subgraph of maximum cardinality or maximum weight cannot be easily identified. This is not true, however, if we require that G r is a tree; in fact, many efficient algorithms for finding a maximum spanning forest in a graph are known [14] . Let us define tree bound the value obtained solving a restricted problem where G r is a maximum spanning tree with respect to the weight W(G r ); this bound can be determined in time O(np 2 ). Moreover, in the partition bound one may think to consider only subgraphs of G which are trees; we will call tree partition bound the value obtained when G r and G l , 1£l£k, are trees. In this case the resulting complexity is O(mp 2 ).
In practical applications, it is necessary to devise efficient heuristic algorithms to identify subgraphs with sufficiently large weight. However it must be observed that the maximum weight subgraph G r does not always give the best lower bound. It is conceivable to require G r to be maximal, i.e. that no arcs in A\A r can be added to A r obtaining a reducible graph. A trivial algorithm to find a maximal reducible subgraph has a O(nm) complexity; an interesting problem is the one of finding a maximal reducible subgraph in less than O(nm) time. Similar problems arise when a partition of the graph into k reducible subgraph is searched.
Note that in the partition bounds, all the linear costs are considered during the solution of the first subproblem. A possible variant of the bound could be that of considering the linear costs in subproblems other than the first one, or partition them among the various subproblems. The study of the best way of distributing the linear costs among the subproblems can be interpreted in the framework of the Lagrangean Decomposition techniques which will be discussed in the next section. Now we propose a bound which has the same complexity of the partition bound, but it does not require to find an explicit partition of G. Consider a pair of arcs (i,j) and (i,l), suppose to replace them with a new arc (j,l). We call this operation L-I reduction. It easy to see that any graph can be reduced to a single node using tail, series, parallel and L-I reductions. We define the label updating corresponding to the L-I reduction as follows:
Let iÎN a node of degree at least two and let (i,j) and (i,l) be two arcs incident with i. Labels v jslr are set as follows, for each r, sÎM:
The new v jslr takes into account the best possible assignment for i once j and l have been assigned to r and s, respectively, without considering the linear costs (i.e. labels u ir ). This operation can be carried out in O(p 3 ) time.
Consider the graph G' obtained from G performing a L-I reduction. The optimal solution of the QSAP associated to G' is not greater than the optimal solution of the QSAP associated to G. This follows from the fact that the contribution of the new arc (j,l) cannot be greater than the contribution of the pair (i,j) and (i,l). In order to obtain a lower bound, we repeatedly apply the reduction operations until G is reduced to a single node. Since at each step of the reduction process the optimal solution value of the resulting problem does not increase, the minimum label of the last remaining node gives a lower bound. We will call L-I bound the value obtained using this method; the overall complexity of is O(np 3 ). Obviously the value of the bound can be greatly affected by the selection of the reduction operation to perform at each step, and by the choice of the two arcs (i,j) and (i,l) a L-I reduction is applied to. In the following we will assume to perform a L-I reduction only when the others reductions cannot be applied; moreover for a L-I reduction we always select a node i of minimum degree.
Lagrangean decomposition
In this section we will propose a theoretical improvement of our lower bounds, introducing a
Lagrangean Decomposition technique; in particular, our approach is a slight variant of the one introduced in [7] . Lagrangean decompositions have been often used in the literature ( [8] , [12] ); this technique seems to be quite suitable when it allows to exploit the hidden structure of a problem, decomposing it into efficiently solvable subproblems.
In order to describe our approach, and the properties of the Lagrangean decomposition, it is useful to introduce the integer linear formulation of the QSAP: 
This approach can be generalized to any partition f=f 0 +f 1 +É+f k . In this case we must introduce k+1 sets of variables {x 0 ,x 1 ,É,x k }, and k set of constraints
Lagrangean multipliers associated to these sets of constraints. The Lagrangean dual then becomes:
This kind of decomposition allows to obtain efficiently solvable subproblems when the matrices f 0 , f 1 , É, f k correspond to reducible subgraphs, in particular, when they define a partition of the communication graph into reducible subgraphs G 0 , G 1 , É, G k . Now let PB be the value of the partition bound which uses the above decomposition; the following properties are straightforwad:
Note that the linear costs appear only in the first subproblem associated to variables x 0 . We might think to distribute these costs among the subproblems in a different way, as we suggested in the previous section. In the case of Lagrangean Decomposition this is equivalent to consider initializations of multipliers which are not all equal to zero.
The number of multipliers of L(l 1 ,É,l k ) can be extremely large (O(knp) ). This could turn the solution of (4.5) into an intractable problem. In order to reduce the number of multipliers we can introduce a different kind of relaxation.
Consider the following constraints:
The following relation holds trivially for each x and y ÎX:
This suggest to study the following decomposition which is still equivalent to the original QSAP: 
LD' is a lower bound for the QSAP, since (4.7) is equivalent to (4.1). Also in this case the result can be extended to a decomposition in more than two components. This kind of decomposition introduces a number of multipliers bounded by O(kn).
Theorem 4.1 LD ³ LD'
Proof:
Suppose that m* is an optimal solution of (4.8) and (x*, y*) is the corresponding solution of L'(m*). Let us define l* as follows:
Note that L'(m*) and L(l*) are equivalent hence (x*, y*) is an optimal solution also for L(l*) and
The above theorem shows that LD' cannot give a lower bound better than LD, however this technique can be used to obtain a good initial solution of the stronger relaxation.
Numerical comparison of lower bounds
In the present section we will compare the lower bound presented in [10] with the lower bounds described in section 3; in particular we will focus on the effectiveness of the partition technique and the use of reducible graphs.
In the following tables Tree and Red are the subgraph bounds which use a spanning tree and a maximal reducible subgraph, respectively; Tree_P, and Red_P are the partition bounds which use a decomposition into trees and reducible subgraphs, respectively; LI_Red is the bound obtained using also the L-I reductions. Problems with n=50, and m={200, 300, 625} (tables 1, 3, 5) and n=100 and m={400, 1000, 2500} (tables 2, 4, 6) have been considered. Each For these problems, the partition technique is sometimes less effective than in the previous cases, in particular when p is large. Nevertheless Red_P gives good improvements when m is large. On the contrary the improvement of Tree_P on Tree is often negligible. This can be explained by the fact that, if q ijrs Ê=Ê0 occurs with high probability, the tail operation is likely to leave node labels unchanged.
Note that LI_Red is almost always equivalent to the Red_P, except for problems with a large number of arcs, where LI_Red tends to give better bounds.
In order to have better insights on how the bounds behave when the size of the problem changes, we made other computational experiments where we let n range between 20 and 50. For each group of problems we considered two values of p (i.e. p=2*3 and p=4*3) and three different classes of graphs: the sparse class where m=n, the medium class where m=n 2 /10, and the dense class where m=n 2 /4. The costs have been generated as for problems of tables 3 and 4. We set up a rudimental simulated annealing to produce feasible solutions; further on SA will denote the value of the feasible solution generated by the simuated annealing. We compared the differences SA-Tree and SA-Red_P. In tables 7 and 8 we reported the percent of gap SA-Tree closed by Red_P, that is (Red_P-Tree)/(SA-Tree)%. Each entry of the tables is the average over ten instances. It should be noted that the relative behaviour of the bounds does not seem to be affected when n increases. On the contrary when p increases the gap between SA and Tree closed by Red_P decreases slightly. On the other hand when the number of arcs in the graph increases, Red_P becomes more effective with respect to Tree. In particular, for dense graphs Red_P closes between 63% and 78% of the gap. Finally we have to point out that the used heuristic is not very effective. In fact for problems with m=n, the bound provided by Red_P is very often equal the value of the optimal solution (i.e. the graph is reducible), while the value given by SA remains very large. This means that the effectiveness of Red_P with respect to Tree is underestimated, for example when n=m the estimate of the closed gap is about 30% instead of being close to 100%.
